Ignition and Extinction in an Adiabatic CSTR

The continuous-flow, well-stirred tank reactor or CSTR finds wide application in the chemical industry from pilot plant to full-scale production operation. The basic arrangement, sketched below, comprises a tank thermostated at some surrounding temperature Ta into which one or more reactant feed streams flow at some controlled rate. The contents react in the tank and are stirred either mechanically or as a consequence of the flow characteristics, and there is an outflow. 
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The various control parameters include: 

· the inflow concentrations ci,0 of the different reactants; 

· the total volumetric flow rate v through the reactor; 

· the ambient temperature or the temperature of any cooling jacket Ta 

· the inflow temperature T0 (which may be different from Ta)

whilst other features, such as reactor shape and size might be of interest at the design stage. 

The response variables are the concentrations ci and the temperature T within the reactor.

The product/reactant mix flows out with concentrations ci and temperature T equal to the values in the reactor.

The continuous inflow of fresh reactants (and matching volumetric outflow of reactant and-product mixture) provides a thermodynamically open system, in which true steady state behaviour can be sustained 'indefinitely'.

Mass and Heat balance equations
With certain simplifying assumptions, the mass and heat balance equations for a single reactant species undergoing a first-order exothermic reaction can be written in the form:

(1a)





(1b)





Here k0 is the ‘flow rate constant’ corresponding to the inverse of the mean residence time tres which, itself, is the ratio of the reactor volume V to the total volumetric flow rate v. The ‘inflow concentration’ c0 is the concentration of the reactant that would be established in the reactor in the absence of reaction and allows for any dilution as separate inflow streams mix.

The reaction rate coefficient k will be assumed to follow the usual Arrhenius temperature dependence. The product CV, where C is the volumetric heat capacity, is assumed to be constant and q is the exothermicity per mole for the reaction. The first term on the right-hand side of equation (1b) is the net heat loss due to the inflow of cold reactants and outflow of heated products; the second term is the Newtonian cooling term.

Adiabatic reactor
For an adiabatic reactor, ( = 0, so the middle term on the right-hand side of equation (1b) vanishes.

Dimensionless forms
The governing equations for an adiabatic reactor can be written in the following dimensionless terms:

(2a)





(2b)





Here ( = c/c0 and (  = E(T ( T0)/RT02. The dimensionless time ( is given by ( = t/tch where tch is a chemical timescale given by the inverse of the reaction rate coefficient evaluated at the reference temperature T0, tch = 1/ k(T0).

As previously, the function 

 with ( = RT0/E is an exact representation of the Arrhenius law, but the exponential approximation f(() ( e( is also useful in this case.

The parameter B is given by

(3)




  where  


The latter quantity is the adiabatic temperature rise that would arise upon complete conversion in this reaction in an adiabatic batch reactor and is a measure of the reaction exothermicity.

Reduction to single-variable equation
There is one additional simplification that can be made for this 'adiabatic' system (although the system is adiabatic in the sense of having no heat loss through the walls, there are still heat losses operating through the flow of reactants and products). If we divide equation (2b) by the parameter B and then add this to equation (2a), the terms relating to the reaction rate term involving f(SYMBOL 113 \f "Symbol") cancel to yield the following equation 

(4)





This has the form du/dSYMBOL 116 \f "Symbol" = 1 SYMBOL 45 \f "Symbol" u, where u = SYMBOL 103 \f "Symbol" + SYMBOL 113 \f "Symbol"/B which can be readily integrated from some initial condition u0 to give

(5)





This indicates that the sum SYMBOL 103 \f "Symbol" + SYMBOL 113 \f "Symbol"/B tends exponentially to unity from any initial value. In fact, we might argue that the most likely initial condition is SYMBOL 103 \f "Symbol" = 1 and SYMBOL 113 \f "Symbol" = 0 corresponding to the initial concentration and temperature being equal to their inflow values. In such a case, u0 = 1 and equation (5) then gives that for all time

(6)





This states simply that the temperature rise achieved expressed as a fraction of the maximum (adiabatic) temperature rise is equal to the fractional consumption of the reactant. From suitable initial conditions, therefore, this relationship between SYMBOL 103 \f "Symbol" and SYMBOL 113 \f "Symbol" applies for all times. 

This means that the two cannot vary independently: we really have only one independent variable, so we should only need one governing equation. 

We can, for instance, substitute for SYMBOL 103 \f "Symbol" in equation (2b) to give the heat balance equation explicitly as a function of SYMBOL 113 \f "Symbol" only:

(7)





Steady-state analysis
The heat balance equation for an adiabatic CSTR has been derived in the following dimensionless form

	(7)







There are two explicit parameters B and (res - although a third parameter, (, is also involved if we retain the exact form of the Arrhenius function f.

In a given experiment, we might imagine that the residence time could be controlled relatively easily by adjusting the pumping rate, whereas the parameter B might be varied between experiments by changing the inflow concentration from a bulk feed reservoir.

Thus we treat tres as a distinguished primary or bifurcation parameter and we will investigate how the response of the reactor varies with this quantity. We will then consider B as an unfolding parameter, considering how this quantity affects the form of the (ss-(res steady-state locus.

Flow diagrams
The steady-state condition d(/d( = 0 corresponds to

(8)





The two sides of this equation can be plotted as functions of the steady-state temperature excess (ss on a flow diagram, which plays a similar role to the thermal diagram in thermal ignition theory.

A typical form for the flow diagram is shown below:
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Steady-state loci
The heat generation rate R  depends only of B (and ( with the full Arrhenius form) and is independent of the residence time.

The flow or loss line L  is a straight line with slope 1/(res. For long residence times, the loss line is almost flat; for short residence times, it is steep.

Intersection of R  and L  correspond to steady-states. 

The relative position of the heat generation and loss curves for a series of residence times for a system with B = 6 are shown in the figure below
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At long residence times (low flow rates), the two curves intersect only once at some steady-state temperature excess lying on the right-hand branch of R.  This corresponds to a high steady-state temperature excess and a corresponding low steady-state reactant concentration (ss. The reaction here is limited by reactant consumption as the system approaches the chemical equilibrium state: this is known as the thermodynamic branch.

At short residence times (high flow rates), the two curves again only intersect once, but now at some low steady-state temperature excess lying on the left branch of R.  This corresponds to a low steady-state temperature excess and a corresponding high steady-state reactant concentration (ss. The reaction here is limited by the flow  this is known as the flow branch.

In between, these extremes, the two curves R  and L  may intersect three times. There are then three different steady state solutions for the same operating conditions: this is known as steady-state multiplicity.

As indicated in the diagram, the resulting steady-state locus has the form of a folded curve. The upper branch is the thermodynamic branch and the lowest branch the flow branch. In between is a branch of solutions corresponding to the middle intersection of R  and L .

Tangency, criticality (ignition and extinction) and hystersis
The turning points in the steady-state locus are important features. They correspond to the points at which R and L  become tangential on the flow diagram.

If we start up the reactor with a short residence time, the system will adopt a steady state of low self-heating. If the residence time is increased slowly, we can expect the system to respond by, in effect, moving along the lower branch of steady states as the intersection of R and L  varies slightly. 

At the residence time corresponding to the upper tangency, res,ext, two new steady state solution branches are born. However, there is no reason for the system to move away from the lower intersection point even though these alternative states now exist. 

The system will remain on the flow branch until the residence time reaches SYMBOL 116 \f "Symbol"res,ign at which R and L again become tangential, this time involving the lowest and middle branches. 

The lowest branch of steady state now disappears and so the system must respond by jumping to the upper branch of steady states. This will involve rapid changes in the temperature (which increases) and concentration (which increases), i.e. to an ignition event. This is a critical point: there is a discontinuous response in the steady state values accompanying a continuous change in the operating conditions. 

Further increases in SYMBOL 116 \f "Symbol"res will cause the system to evolve along the thermodynamic branch, approaching the chemical equilibrium state for long residence times.

If we now decrease the residence time again, the system will evolve back along the thermodynamic branch. When we reach the ignition point, the lowest and middle branches reappear, but as on the upward sweep, there is no immediate reason for the system to move away from its current steady state. 

The system will, therefore, remain in its ignited state for res < SYMBOL 116 \f "Symbol"res,ign. 

Only when the system encounters the turning point at the lower residence time res,ext at which the uppermost branch vanishes is there a transition back to the lowest branch via another critical event - an extinction.

From this discussion, we see that there is some hysteresis with ignition and extinction events occurring at different values of the parameter being varied. 

The low reaction and ignited steady state branches overlap and over the range SYMBOL 116 \f "Symbol"res,ext  <  SYMBOL 116 \f "Symbol"  < SYMBOL 116 \f "Symbol"res,ign the system can be in either one of two different steady states depending on the previous history of variations in the residence time.

We can also see that only the flow and thermodynamic branches are accessible during the above changes in (res, so this is sometimes referred to as bistability. 

Local stability
The local stability of the three different steady states can be determined following the method outlined previously. 

We need to determine the eigenvalues of the Jacobian matrix. In the present case, we have only a single variable and a single governing equation, so there is a 1(1 Jacobian with a single element. The single eigenvalue ( is then simply given by

(9)





evaluated at the steady-state. The eigenvalue is thus the difference in slopes of the heat generation curve and the flow line at the intersection points on the flow diagram.

For the ‘outer’ steady state intersections, L  is steeper that R, so ( is negative, indicating a stable (nodal) state for either the thermodynamic or flow branch.

For the middle steady state intersection, L  is less steep that R, so ( is positive, indicating an unstable saddle point.

Condition for a critical point.

As we have seen, the condition for criticality is that the heat generation curve and the flow line should meet tangentially. This means that they have equal slope at the intersection point.

In terms of the eigenvalue, this condition becomes

(10)


( = 0

which is the general condition for a turning point in the steady-state locus.

This latter point can also be demonstrated in the following manner:

The steady-state condition can generally be represented as a condition of the form

(11)


F(x)  = 0

where F and x may be vectors for multivariable systems.

The slope of the steady-state locus at any point as some parameter p is varied can be determined from the total derivative

(12)


dF = Fxdx  +  Fpdp
where Fx is the derivative of the function F with respect to the variables (i.e. the Jacobian matrix) and Fp is the derivative of the function with respect to the parameter.

As F = 0 all along the locus, so dF = 0, giving for the slope

(13)


dx/dp = ( Fp/Fx
At a critical point, the slope becomes infinite, corresponding to Fx = 0 or, equivalently, Det(J) = 0 (and, hence, an eigenvalue passing through zero).

General condition for a turning point or saddle-node bifurcation:

	(14)



Det(J)  =  0    or    (  =  0


Ignition and extinction points can be computed directly by solving condition (14) along with the steady-state condition.

Variation of ignition and extinction points with unfolding parameter.

Using equation (7) and invoking the exponential approximation, the steady-state and turning point conditions give

(15a)





(15b)





Dividing one equation by the other and re-arranging leads to a quadratic equation for the critical temperature excess

(16)





which has roots

(17)





with the upper root corresponding to extinction and the lower to the ignition point.

One immediate feature of equation (17) is that there will only be distinct real roots if B > 4,

The critical values for the residence time can now be evaluated:

(18)




into which we may substitute the critical values of the steady state temperature excess.

The precise dependence of the critical residence time on the adiabatic temperature excess B can be determined using equations (17) and (18) yields the critical loci shown below.
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For parameter values within the cusp region, the corresponding system has three steady states, i.e. this corresponds to the region of bistability. Outside the cusp region the system has only one available steady state.

Transition and unfolding

The ignition and extinction point loci meet at a cusp point which is determined by the vanishing of the discriminant in equation (17). 

This transition point occurs for

(19)


Btr = 4,  SYMBOL 113 \f "Symbol"ss,tr = 2 and  SYMBOL 116 \f "Symbol"res,tr = e-2
For B > 4, the steady state locus has the folded form seen previously. As B is decreased, so the extent of the hysteresis loop shrinks, with the ignition and extinction points coming closer together. 

For B = 4, the two turning points merge to give a vertical inflection point but no overlap of the low reaction and ignited state branches. 

For lower B, there is just a continuous variation of the steady state temperature excess with the residence time: there is no criticality. The steady state locus has been unfolded to remove the phenomena of bistability and hysteresis.
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