Control of Chaos

Although chaotic systems are “unpredictable” in the sense discussed previously – they are still ‘controllable’. In fact, the very features that lead to the sensitivity to initial conditions, namely that the underlying attractor is ‘made up’ of unstable attractors corresponding to all the periodic states that have lost stability, can be exploited to provide a versatile algorithm for producing and switching between almost any desired periodicity. These control algorithms exploit generic features of period-doubling system and so can be implemented without needing to know the underlying mechanism or the governing  rate equations in any detail at all. In application, there is generally a ‘learning’ phase and then a ‘control’ phase. The appropriate perturbations to the operating conditions are determined from the behaviour of the system itself and are generally small in amplitude (a few percent of the width of experimental conditions for which chaos is observed).

To understand this approach, we need first to investigate the use of the next maximum map.

A simplified map is shown below, on which is superimposed a line of unit slope from the origin. The intersection of the map with this line identifies the period-1 oscillatory state or fixed point xfp of the map. 
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The horizontal and vertical lines indicate a sequence of iterations of the map, starting with a point x0 close to, but not exactly identical to, the period-1 fixed point. Because of the steepness of the map in the vicinity of the fixed point, the iteration sees the mapping points x1,2 move away from  this unstable fixed point. (Instability is associated with the map having a gradient of magnitude greater than unity at the fixed point.)

The exact position of the fixed point along the map changes slightly if we change the experimental operating conditions (e.g. through the value of the parameter A for the simple quadratic map). An example of two next maximum maps for slightly different operating conditions is shown below.
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The basic principle of the control algorithm can be illustrated through this diagram. Shown below is a ‘blow-up’ of the vicinity of the fixed point for an ‘unperturbed’ and a ‘perturbed’ system – the latter corresponding to a slight shift in the operating conditions. Also shown are two iteration steps of the map to give points x1u and x2u for the unperturbed system and points x1p and x2p for the system in which the perturbation is applied for the first iteration. 
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For the unperturbed system, the iterations leave the vicinity of the fixed point. Shifting the map for the first iteration, however, leads to x2p being ‘targetted’ on to the fixed point of the original map. (The perturbation is turned off after the first iteration.)

The implementation of this control algorithm then involves experimental determination of the next-maximum map and its slope s in the vicinity of fixed point for the current operating conditions (in a chaotic state – the system will visit arbitrarily close to the fixed point although never actually attaining exactly this point) and then determining how much the map shifts in this region for a small perturbation in the operating conditions. Quantitatively, we have to determine g the rate of variation of the fixed point with some experimental parameter. The unperturbed system is then allowed to evolve and successive maxima monitored: when a maximum comes sufficiently close to the fixed point, we may use s and g to determine the magnitude of an appropriate perturbation to the operating conditions to target the fixed point as indicated in the figure.

This method has been applied to the CO + O2 chaotic system and control of a period-1 response has been achieved.
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