Background to Premixed Flame Instabilities

Governing equations
Subject to a small number of reasonable approximations, the governing heat and mass balance equations for an adiabatic (premixed) flame system with a single, first-order exothermic reaction subject to an Arrhenius temperature-dependence can be written in the form

(1a)




(1b)




where T and Y denote the temperature and concentration of the fuel respectively, x and t denote the space and time co-ordinates: ( is the density, A the pre-exponential factor, Q the reaction exothermicity, E the activation energy, ( is the thermal conductivity and cP is the heat capacity at constant pressure.

Far ahead of the flame front we have T = T0 and Y = Y0. Far behind the flame front we expect T = Tb and Y = 0, where Tb is the ‘adiabatic flame temperature’.
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Dimensionless forms
The ‘Frank-Kamenetskii’ scalings of thermal runaway can be used here, but it is wise to use a modified formulation. Instead of basing the reference temperature on the ambient temperature, the most significant temperature in this problem is the maximum temperature, i.e. the burnt gas or flame temperature. 

Thus we use 








which is defined so as to be a positive quantity: it increases as the temperature T decreases.

If the temperature of the unburnt gas far ahead of the flame is T0, then ( approaches a value (ad in this limit, where







which is also related to the exothermicity of the reaction by







where Y0 is the initial concentration of the fuel far ahead of the flame.

The Arrhenius temperature dependence function can then written in the form of the value of the rate coefficient at the flame temperature k(Tb) multiplied by a function f(() of the dimensionless temperature decrease.

An appropriate form for the dimensionless heat and mass balance equations then becomes

	2(a)




2(b)






where a = Y/Y0 is the ratio of the reactant concentration to its ‘initial’ value far ahead of the flame (so 0 < a < 1). The parameter ( is given by







Finally, the parameter Le is the Lewis number which is the ratio of the thermal and mass diffusivities







Alternative scalings
Several other methods of non-dimensionalising the flame equations can be found in the literature, but a recent form is due to Weber et al. (Proc. R. Soc. Lond A, 453 (1997) 1105). These authors exploit a different dimensionless temperature






and write the governing equations in the following form:

	3(a)




3(b)






This is also an exact representation of equation (1), but has a different functional form on the dimensionless temperature variable.

The remaining two parameters explicitly represented in the equations are the Lewis number as before, and a parameter (. 

A potential third parameter is the initial or ambient temperature T0, but a feature of the approach of Weber et al. is that for the adiabatic system, the so-called ‘cold-boundary problem’ is avoided by taking T0 = 0. 

In that case, we may also then note that







where Tb is again the burnt gas temperature under adiabatic conditions, so ( = 1/uad.

Comparison of Forms
The parameter (  in the FK-scalings and ( in the Weber et al. forms are simply related, as



( = 1/(. 

This confirms one important point concerning the previous work, that the important range for combustion problems corresponds to large (, the range which forms the thrust of the analysis in Weber et al., even though it appears as a factor multiplying the reaction rate term in the mass balance equation (where, in the conventional scalings, one would expect a small parameter).

More significantly, if we allow T0 ( 0, then (ad ( E/RTb, so we then have the following relationship between the three parameters of the two problems:





.

It is the identification of this point that allows comparison between the two sets of scalings.

This relationship between (ad and ((1 indicates that the choice of an absolute zero initial condition reduces the system to a line on the (ad and ( parameter plane, whereas previous analyses have tended to regard these as independently variable parameters.

Adiabatic Flame Speed
The analytical approach to determining the flame speed as a function of the system parameters is well-established and effectively goes back to Frank-Kamenetskii and Zel’dovich, although most recent work uses asymptotic methods based on the smallness of the quantity ( (so-called high activation energy asymptotics). The magnitude of this quantity indicates that the rate of reaction falls off very rapidly as the temperature falls from the maximum temperature, so reaction can be effectively regarded as ‘frozen’ in the ‘cold’ gas ahead of the flame.

For a system with Le = 1, equations can be added and the conditions in the rear of the flame (( = a = 0) used to produce a so-called Schvab relationship






linking ( and a. Eliminating a, the evolution is determined by a single equation






We now transform to a travelling co-ordinate frame z = x ( ct, where c is the flame speed, so the equation becomes an ordinary differential equation

(4)




subject to ( = (ad as z ( +( and ( ( 0 and d(/dz ( 0 as z ( ((. 
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Solving for Flame Speed
To solve equation, we split the flame into separate regions.

In the pre-heat zone ahead of the flame front, we argue that the reaction rate is so low (because of the rapid fall in the exponential term as ( increases) that the heat release term can be neglected, so the equation becomes

(5)



 subject to ( = (ad as z ( +(
which has the solution

(6)




For future reference, we may note that the temperature gradient at z = 0 is then

(7)




To solve for the reaction zone, one approach is to argue that the first derivative is small in this region, so the governing equation becomes

(8)




This equation may be solved, first by multiplying both sides by 2(d(/dz) and noting that 2(d(/dz)(d2(/dz2) = (d/dz)(d(/dz)2, so that equation (8) becomes

(9)




where the integral I is given by 

 across the reaction zone. Using the boundary condition as z ( ((, the left-hand side becomes simply (d(/dz)2 at the reaction zone. To evaluate the right-hand side, we can approximate the exponential as simply e(( and extend the integration to z ( ((, relying on the rapid fall in the rate term with decreasing temperature.

Noting that 

 and taking 

 to be exponentially small, we have I = 1, so

(10)




at the reaction zone.

To complete the analysis, we must match the two expressions for the gradient (7) and (10) to give:

	(11)






In terms of the original variables, this give a flame speed

	(12)






A similar analysis for the Weber et al. scalings gives

	(13)






which is also equivalent to equation (12).

The asymptotic method can be used to derive general formulae for the flame speed for arbitrary reaction order and Lewis number.

Infinite Lewis number
An interesting special case is that for which the reactant diffusivity tends to zero, so (Le)(1 ( 0 in equation (2). This case has previously been used as the most basic model for the combustion wave in a solid (gasless) pyrotechnic.

The speed of a steadily propagating flame in such a system is given, to leading order, by



c = 1/(ad


FK scalings







dimensional variables








Weber et al. scalings

with each of these being equivalent.

Stability of Steady Flame
Of particular interest is the observation, first due to Shkadinskii et al. (Combust. Expl. Shock Waves, 7 (1971) 15-22), that as the parameter (ad is increased, the steadily-propagating flame with the above flame speed becomes unstable. For (ad > (ad*, computations reveal the transition to an oscillatory flame - one which propagates with a time-dependent velocity.

In the limit T0 ( 0 K, the critical value of (ad* ~ 6.5.

An example of the variation of the flame speed in time for a system with (ad marginally in excess of (ad* is shown below
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The analytical estimate of (ad* is 2(2 + (5) ~ 8.5 (Matkowsky and Sivashinsky, SIAM J. Appl. Math., 35 (1978) 465).

At yet higher reaction exothermicities, a period-doubling cascade is observed as the flame speed undergoes increasingly complex oscillations. This leads to chaotic flame propagation at sufficiently high (ad. 
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For yet higher (ad (> ca. 11), there is an extinction of the flame as the reaction ‘overconsumes’ the fuel and effectively starves itself. This extinction can be characterised as a homoclinic orbit bifurcation.

In general, the oscillatory instability can be found on increasing (ad for all Le > 1, with (ad*(Le) increasing as Le decreases and the critical locus tending to infinite (ad as Le tends to unity from above.

Non-adiabatic flames
A different type of bifurcation phenomenon is encountered, even for unit Lewis number, if some heat loss from the flame system is considered. The simplest such representation might be as an additional Newtonian cooling term added to the energy balance equation to mimic heat loss to the walls of the flame tube. 

(14)
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where ( is a heat transfer parameter, l a ‘perimeter length’ and Ta is the ambient temperature (and usually Ta = T0 the temperature of the cold, unburnt gas).

In the FK scalings, this leads to an additional dimensionless term, potentially involving two new parameters. If we make the convenient simplification Ta = T0 = 0, the there is a single extra parameter and the governing equations can be written as

	15(a)
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15(b)






where ( is the dimensionless heat loss parameter. It is worth noting that this group involves the ratio of the heat loss coefficient and the exothermicity of the reaction mixture, so small ( corresponds to small heat loss or high exothermicity: large ( corresponds to high heat loss of low reaction exothermicity.

Quenching

If the steady flame speed is now plotted as a function of the heat loss parameter, the following relationship is observed
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For ( less than some value (cr, there are two possible flame speeds. The higher values corresponds to a stable flame and is the solution observed by solving the initial value problem. The lower solution corresponds to a different, unstable flame solution.

For ( = (cr, these two solutions merge at a saddle-node bifurcation and there is a quenching of the flame due to the heat losses.

For ( > (cr, which may arise either due to a high heat transfer coefficient or through a weakly exothermic (highly dilute) mixture, flame propagation fails irrespective of the initial stimulus.

(It should also be noted that, even for adiabatic systems, not all initial perturbations lead to the development of a successful flame – there is a ‘minimum ignition stimulus’ for all such systems.)

One general result is that the ratio of the flame speed for the non-adiabatic system at the quenching point to the flame speed for the corresponding adiabatic system should be given by e(1/2 according to asymptotic theory.

Transverse Instabilities
We now return to adiabatic systems, but consider the propagation of a wave in a 2D system. The basic form will be a planar flame propagating in the x-direction with no variation in the transverse, y-coordinate.
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with governing equations now of the form

	16(a)
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16(b)
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If we have zero-flux boundary conditions for both heat and mass in terms of y, then the simple 1D flame solution is also a solution of the 2D problem (as ((/(y = (a/(y = 0 everywhere).

What needs to be determined is whether the planar wave solution is stable. In particular is it stable to transverse perturbations in the y-coordinate.
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Transverse disturbance showing superposition of a y-dependent perturbation ((y) 

on the planar flame solution

For a stable planar front, the perturbation ((y) will decay in time at all y.

Mechanism of Instability

A potential mechanism for either removing or amplifying a given perturbation of the form discussed can be devised on the following lines:

Comparing the diffusive processes in a curved front to that of a planar front, we can see that for the temperature, diffusion through an ‘advanced’ region of the front leads to a local ‘dilution effect’. This will lower the heating ahead of such a region of the flame, slowing the flame speed locally. On the other hand, heat transfer at a locally ‘retarded’ (relative to the direction of advance) segment of the front will be subject to a ‘geometrical focussing’ which enhances the heating in that region, increasing the local flame speed. These two effects lead to a decrease in the curvature and a return to planar evolution.
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A similar argument for the limiting fuel produces a different conclusion. For segments of the flame more advanced than the planar front, there is a geometric concentration effect of local curvature and an enhanced fuel supply, increasing the local flame speed. For the ‘retarded’ segments there is diffusive spreading and a reduction in the fuel supply compared to the planar front, leading to a local decrease in the flame speed. These effects serve to support and enhance the transverse non-planarity.

We thus might expect that the planar front will be stable if thermal diffusion is dominant and unstable if mass diffusion is dominant. In terms of the Lewis number, then, we might expect stability for Le > 1 and instability for Le < 1.

Computed Flame Profile
Shown below is a flame for a system with Le < 1 sufficient that the planar flame has become unstable and a non-planar flame is established.
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One important feature of note is that the temperature may locally exceed the adiabatic temperature for this system due to the enhanced transport of heat into the fuel ahead of the reaction.

Stability analysis

On the assumption of perturbations with small curvature, Sivashinsky developed an asymptotic analysis that shows that the planar solution can be come unstable to transverse instabilities, provided that the thermal diffusivity is less than the mass diffusivity – i.e. that the Lewis number is less than 1.

For Le < Lecr, there will be a range of wavenumber k such that perturbations of the form e(iky+(t) have a positive growth rate ( (the exponent ( is a function of k):
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The evolution of the perturbation in this approximation is described by the Kuramoto-Sivashinsky equation




[image: image15.wmf](

)

2

y

yyyy

yy

t

y

y

y

y

+

-

-

=


where the subscripts denote (repeated) differentiation with respect to the time or transverse co-ordinate.

Beyond the simple transverse instability to a steady non-planar front, very complex spatiotemporal evolution is modelled by this equation.

Cellular Flames
The transverse or thermodiffusive instability had been observed well before its theoretical prediction. The earliest reports are due to Smithells and Ingle (J. Chem. Soc. Trans., 61 (1892), 204) in Leeds in 1892 and the phenomenon was systematically studied most notably by Markstein (see Non-steady Flame Propagation ed. G.H. Markstein (1964). Macmillan, New York).

Cellular structure in otherwise planar flame systems are typically associated with fuel-rich mixtures with perhaps the N2 in the air replaced by SF6. The thermal diffusivity is thus reduced, being determined by the thermal conductivity of the dominant gases. The limiting chemical species under these conditions is the H-atom which has a high mass diffusivity, so that Le << 1.

En example of a cellular flame is reproduced below:
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Cellular structure in a butane-air flame
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