Modern Studies of the H2 + O2 Reaction in Flow Reactors
The spontaneous combustion reaction between hydrogen and oxygen is one of the fundamental building blocks of modern combustion kinetics.

In traditional closed vessels, the system exhibits the well-known p-Ta igntion limit structure illustrated below:
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The advantages of studying the same system in a continuous flow reactors include (a) the ‘slow reaction’ to the left of the limits, in which significant self-heating may develop, becomes a truly steady-state response and, (b) the kinetic behaviour on the ‘ignition’ side of the limits can be investigated over more than a millisecond timescale.

Mechansim: H2 + O2 Branching Cycle
The behaviour of the H2 + O2 reaction in the vicinity of the second limit involves the competition between the chain-branching cycle with overall stoichiometry


H  +  3 H2  +  O2   (   3 H  +  2 H2O

rate = kb[H][O2]

and a termolecular gas-phase termination step


H  +  O2  +  M   (   HO2  +  M

rate = kt[H][O2][M]

where M represents any third body.

The evolution of the system is determined by the sign of the net branching factor, (
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With ( < 0, the radical concentrations approach some low steady-state concentration: for ( > 0, there is unbounded exponential growth in the radical concentration, leading to ignition.

The condition corresponding to the ignition limit is ( = 0, which can be written as




[image: image3.wmf])

/

(

)

(

2

RT

p

k

T

k

cr

t

cr

b

=


linking the critical temperature and pressure. 

Equimolar mixtures in a CSTR
The H2 + O2 system shows similar p-Ta limits in a CSTR. For an equimolar mixture of the reactants, the ignition limit diagram has the following form in the vicinity of the second limit:
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For conditions to the right of the limit, reaction corresponding to ignition can have one of two forms: a steady ignited state or an oscillatory ignition. The latter occurs in a region bounded by a second boundary, as indicated.

Within the oscillatory ignition region, and for ambient temperatures not too far in excess of the limit, the oscillations have a typical ‘relaxation’ waveform. Typical experimental traces showing the variation in self-heating (due to the exothermic reaction), in emitted light intensity and, in the concentrations of the reactant O2 and product H2O are shown below:
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The waveform is characterised by a sharp ‘ignition’ spike followed by a period of virtually no reaction during which the reactant concentration is re-established and the product concentration falls essentially due to flow alone.

The measurement of temperature recorded by the fine-wire thermocouple is strongly attenuated by the finite response time of the junction during such sharp ignitions. A better estimate can be obtained using laser-induced fluorescence detection of OH radicals and the (assumed) Boltzmann distribution over rotational energy levels. The H-atom concentration has been determined during the oscillatory ignition by REMPI.
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Extinction of oscillatory ignition at high Ta
The development of the oscillatory waveform can be followed as the ambient temperature is increased. The amplitude decreases as Ta increases. As we approach the boundary separating oscillatory ignition from steady combustion, so the amplitude decreases smoothly to zero. The Fourier transform of the oscillatory signal reveals that fewer and fewer overtones contribute as we approach the extinction point, with the oscillation approaching a pure sine wave with a single, non-zero frequency as the amplitude tends to zero. 
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For ambient temperatures above this boundary, the system settles to a stable steady state, although this has the character of a stable focus - perturbations decay through damped oscillations of frequency similar to that of the oscillatory state. 

There is no hysteresis at this boundary: if Ta is decreased, the oscillations begin at the same ambient temperature as that at which they ceased as Ta was increased.

All these features are evidence for a supercritical Hopf bifurcation.

Reconstructed attractors

The limit cycle solutions corresponding to the oscillations can be ‘reconstructed’ from a single experimental record using the ‘method of delays’. Given a sequence of discrete measurements of, say, the temperature at uniformly separated intervals: 




T(t1), T(t2), T(t3) …., 

where t2 = t1 + (t, t3 = t1 + 2(t etc., where (t is the sampling interval, then a sequence of x-y pairs can be constructed as (T(t1), T(t2)), (T(t2), T(t3)), ….. Plotting these gives rise to the reconstructed attractor. For the oscillations at a series of ambient temperatures approaching the Hopf bifurcation point, this gives rise to a set of nested limit cycles, collapsing onto the steady-state point.
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Extinction at low Ta
The transition into oscillations as the ambient temperature is increased so as to cross the actual p-Ta ignition limit, and the corresponding extinction of oscillations as this limit is traversed in the opposite direction, can also be examined quantitatively.

There is a ‘hard excitation’ from the low reaction steady state to left of the limit into the large-amplitude, relaxation oscillations just above the limit. Typically, no hysteresis is observed on the reverse transition (although this does become evident at the higher pressures within this region).

The period of the oscillations increases noticeably as the ambient temperature is decreased and the limit approached from above, as indicated by the following experimental traces:
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Variation in oscillatory period approaching extinction for a system with tres = 2 s

A log-log plot of the period (scaled by the residence time) as a function of the difference between the ambient temperature and the ambient temperature of the limit shows a developing linear response with slope ~ (½. 
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From these characteristics, we may deduce that the birth/extinction of oscillations at this boundary is through a SNIPER homoclinic orbit formation.

Descriptive account of oscillatory mechanism
For p-Ta conditions to the left (lower temperature, higher pressure) of the second limit, the net branching factor is negative, so a low steady-state radical concentration is established. Little reaction will be occurring in this steady state, so the concentrations of the reactants H2 and O2 will be close to their inflow concentrations, and the concentration of the product H2O will be close to zero. The appropriate net branching factor is thus that evaluated for the inflow composition.

If we increase Ta or decrease p, so as to cross the limit, the value of the net branching factor based on the inflow composition becomes positive. This causes the radical species concentration to increase and an ignition ensues. 

Accompanying the ignition, the mole fractions of H2 and O2 fall according to the reaction stoichiometry and the relative concentrations of these two species in the inflow. The concentration of the product increases. 

For p-Ta conditions not too far above the limit, the value of the net branching factor evaluated for the product mixture composition will be negative, due to the enhancement of the termination step through the greater efficiency of the product. This change in sign of (, causes the combustion reaction to ‘switch off’.

In a closed system, this signifies the end of the reaction. In a flow system, however, the concentrations of the reactants are now able to recover due to the inflow of these species, whilst the concentration of the product will decrease once its chemical rate of production has fallen, due to the outflow.

The high concentration of the inhibitor H2O effectively prevents any reaction during this stage, so after the ignition spike, the dynamics of the CSTR are essentially those of an inert system subject to an inflow of H2 and O2 and an outflow of H2O.

As [H2O] falls and [H2] and [O2] increase, so the termination process becomes less efficient and the net branching factor increases again. As it passes through zero, a second ignition can develop and the mixture composition changes almost discontinuously back to the product composition.

Mathematical framework
For an oxygen-rich mixture immediately post ignition, we may take [H2] = 0 and [O2] = [O2]resid, where the latter is the ‘residual’ oxygen content, and [H2O] = [H2]0 where the latter is the inflow concentration of H2.

The evolution in time of the reactant and production concentrations during the ‘inert’ inflow/outflow period will then be given approximately by
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and
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where t is the time since the last ignition and tres is the mean residence time.

Substituting these into the expression for ( and taking an equimolar mixture so x = ½.for H2 and O2 and also so [O2]resid = ½ [O2], leads to the time-dependent net branching factor
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If we are only just across the limit, the value of 2kb will be only marginally greater than the value of the termination rate term evaluated for the inflow composition: thus the exponential terms in the above equation have to decay almost to zero, i.e. we have to wait many residence times, before ( becomes positive again and the next ignition can occur. In the final experimental trace shown previously, the ignition period extended to 60 residence time!

As the ambient temperature is increased substantially above the ignition limit, so ( can become positive even with a significantly non-zero water concentration – the exponential terms do not have to fall to such low values and the concentrations of the reactants do not recover to close to their inflow concentrations before the next ignition.

If Ta is sufficiently high, the value of the branching rate term will be such that it exceeds even the value of the termination rate term corresponding to complete conversion of the reactants to the inhibitor water. The production of the product is not enough to make ( and so there is no quenching of the ignited state – we loose oscillatory behaviour and get a steady flame.

More complex responses
The variation of the oscillatory period with the ambient temperature across the oscillatory region is shown for different reaction stoichiometries in the figure below:
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For equimolar or other fuel-lean mixtures, this variation is reasonably smooth across the whole range.

Birhythmicity

A different feature may arise in the case of a stoichiometric mixture. As shown in the above figure, there are two possible periods over the operating range  730 K < Ta < 750 K - with separate branches corresponding to oscillations of longer period shorter periods. 

The longer-period oscillations are observed on increasing Ta until the upper end of the above range, at which point there is an abrupt switch to the small period (high frequency) state. This state undergoes a supercritical Hopf bifurcation to the steady state at higher Ta. 

If the ambient temperature is now reduced, the system exhibits high frequency oscillations over the above range before jumping to the high period oscillations at 730 K.

This is an example of birhythmicity - the limit cycle equivalent of bistability. Over this range, there are two stable limit cycles available to the system, each surrounding the unstable steady state. The two stable limit cycles will be separated by an unstable (saddle) cycle, so the full limit cycle locus would show a folded-curve structure similar to that exhibited by steady-state loci.

Examples of experimental traces showing birhythmicity are given below
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Birhythmicity in the 2H2 + O2 system. Traces (a) and (f) correspond to the same ambient temperature Ta =751 K but have different oscillatory states; for (b) and (g) Ta = 753 K; and for (c) and (h) Ta = 756 K; for (d) Ta = 758 K and (e) Ta = 761 K: traces (a-e) are found as Ta is increased; (e-f) as Ta  is decreased..

Mixed-mode oscillations
Trace (d) in the previous diagram hints at a response of higher complexity than simple period-1 oscillation. (A period-1 oscillation is a waveform with a single excursion in the repeating unit, with each excursion have the same amplitude and period as its predecessor.)

This is a separate feature to birhythmicity, but is also a characteristic of stoichiometric to fuel-rich mixtures.

The p-Ta ignition diagram for a stoichiometric mixture is shown below:
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Mixed mode oscillations
The waveform of the oscillations in the ‘complex’ region is that of a mixed-mode oscillation. The repeating unit consists of more than one temperature maximum, with typically a single large amplitude excursion followed by a number s of small amplitude peaks, giving a 1s waveform. 

The first such oscillation observed, on entering the region of complex response by increasing the ambient temperature, is that of a 11 waveform. As we traverse the region, increasing Ta still further, so there are transitions to waveforms with increasingly higher values of s : 12, 13 etc., with one extra small peak being added at a time. This is sometimes described as a period-adding sequence - although the period does not change significantly as we move from one waveform to the next.

Example mixed-mode oscillations, with their corresponding reconstructed attractors, are shown below. The apparent crossings of the trajectory in the phase plane are not real - the system now needs to be described by at least three dynamical variables, so the 2D representation is simply a projection of the full trajectory.
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An example trace with higher s is also shown below.

[image: image19.png]



Complex Oscillations: minimal complex oscillator

The 'minimal complex oscillator' scheme capable of predicting complex oscillatory responses for the H2 + O2 reaction is as follows.




























· units for A are (m3 molSYMBOL 45 \f "Symbol"1)nSYMBOL 45 \f "Symbol"1 sSYMBOL 45 \f "Symbol"1, where n is the order of each elementary step in the mechanism.

Compared with the minimal scheme required to model simple (isothermal) oscillatory responses, the two surface termination steps and the final two reactions are all that need be added. However, this scheme will only produce mixed-mode oscillations if the non-isothermal character of the reaction is considered explicitly. 

It appears that the simple oscillations arise due to a coupling of the chain-branching reaction and the self-inhibition through the enhanced third-body efficiency of H2O, but that complex waveforms also require the addition effect of thermal feedback.

Bifurcation diagrams
The various types of dynamical behaviour described above can be used to construct bifurcation diagrams corresponding to the H2 + O2 system. Three relevant forms are given below.
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The middle diagram corresponds to a pressure and mixture composition for which a SNIPER-type homoclinic orbit is observed. At low Ta, there is a single, stable steady state corresponding to a high reactant concentration (low reaction rate). At the highest Ta, there is also a single (different) stable steady state, this time corresponding to a high reaction state. As the ambient temperature is reduced, so this state loses stability through a supercritical Hopf bifurcation and a stable limit cycle emerges, growing from zero amplitude, to surround the unstable state. The amplitude of the oscillatory state increases as Ta is further decreased, and the oscillatory state terminates by collision with the saddle-node point at the end of the low reaction branch. Reversing the change in Ta, the system makes a transition from the low reaction state to the stable limit cycle emerging from the saddle-node point.

If we increase the operating pressure, at some point we would expect to see the homoclinic point detach from the saddle node point and move along the saddle point branch, corresponding now to a regular homoclinic point. The system will still show a ‘hard excitation’ into oscillations from the low reaction rate state as the latter reaches the saddle-node point, but the limit cycle will survive to lower Ta on the downward sweep, so there will be coexistence of steady and oscillatory states. The Hopf bifurcation point would be expected to move to lower Ta as well.

If the operating pressure is increased sufficiently, the Hopf bifurcation may pass into the region of steady-state hysteresis and, eventually, may reach the lower saddle-node point, at which condition oscillatory behaviour is lost. There will then be a classic bistable steady-state loop, such as shown in locus (a).

In diagram (c), the folded nature of the oscillatory limit cycle locus, corresponding to a system with birhythmicity, is indicated.

Mixed-mode states correspond to additional loci bifurcating off the limit cycle locus.
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