The Nonadiabatic CSTR: oscillatory and steady-state bifurcations
Under conditions for which there is heat transfer from the reactor to its surroundings, a wider range of dynamical behaviour is possible.

If we accept the simplification that the inflow and ambient temperatures, T0 and Ta are the same (e.g. due to the use of pre-heating coils for the feed chemicals), then the mass and heat balance equations can be written in the following dimensionless forms:
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The only change from the adiabatic system is the occurrence of the extra heat loss term ((/(N where the extra parameter (N is the dimensionless Newtonian time (N = tN/tch = CVk(Ta)/(S.

This term does, however, have one important consequence. If we add B((1a) and (1b), the kinetic terms still cancel, but the resulting equation cannot now be integrated directly to provide a conservation condition relating ( and (. These two are now genuinely independent variables and we have a two-variable system. Oscillatory instabilities are thus possible.

A detailed analysis can be found elsewhere (see e.g. chapter 7 in Chemical Oscillations and Instabilities: Nonlinear Chemical Kinetics by P. Gray and S.K. Scott, Oxford University Press, 1990.) Here we simply present some of the important results.

Complex steady-state loci.

The basic steady-state response for the adiabatic reactor is the simple folded loop, linking a flow branch at short residence time to a thermodynamic branch at high residence time and with ignition occurring as the residence time is increased and extinction as it is increased.

Such a response is also found for the non-adiabatic case - although here the steady-state temperature excess tends to zero rather than to B as (res ( ( (however, the extent of reaction still tends to 1 in this limit). Other forms of the steady-state locus are also found for other combinations of the parameters B and (N.

In a mushroom response, there are two ignition and two extinction points. Ignition can now accompany a decrease in the residence time as well as an increase - and important point for safety considerations. Similarly, extinction can accompany an increase in the residence time as well as a decrease.

As the ignition points move closer together, so they may merge, giving rise to an isola response. The isola is comprised of the high conversion branch and the saddle point branch. There are extinction points at the ends of the isola, but no ignition points. The uppermost branch can only be accessed by suitable perturbations of the system, not simply by a variation in the residence time.

Finally, a reversed-folded loop, with an ignition on decreasing residence time and an extinction on increasing (res can exist on its own, or in combination with an isola.

In extended models, additional steady-state branches may arise, giving rise to higher degrees of multistability - e.g. tristability in which three coexisting stable steady states can be found at the same operating conditions.
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Representations of (a)-(f) bifrucation diagrams found for a first order exothermic reaction in the non-adiabatic CSTR and (g) tristability locus found for more complex reaction schemes

Oscillatory instabilities
As we now have a genuine two-variable system, oscillatory instability through Hopf bifurcation becomes possible.

As before, the condition for such an instability is that the eigenvalues associated with the steady state should form a complex conjugate pair and their real part should pass through zero. When this condition is satisfied, a limit cycle will emerge to surround the steady state.

For a supercritical Hopf point, a stable limit cycle emerges and grows in the direction for which the steady state is unstable. The concentration and temperature will then show sustained oscillatory behaviour for some range of operating conditions around the Hopf point.

If this oscillatory instability occurs remote from any region of bistability, then the oscillatory response may terminate at another Hopf point further along the steady-state locus.

However, if the Hopf point occurs close to, or within, the region of multiple steady states, another possible mechanism for the extinction (or, in reverse, the creation) of limit cycle oscillations exists. 

This is known as the formation of a homoclinic orbit and involves the interaction of a limit cycle with the inset and outset of a saddle point. This bifurcation is most easily viewed in the phase plane, and is illustrated below:
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The changes in the attractor structure in the phase-plane as some parameter is varied leading to the formation of a limit cycle in the phase-plane through a homoclinic orbit bifurcation: in (a) the upper steady state is unstable and the inset and outset to the saddle are such that all trajectories approach the lowest steady state; in (b) the inset and outset join to form a homoclinic loop; (c) the homoclinic loop detaches from the saddle to become a limit cycle. The reverse sequence shows the extinction of a limit cycle through homoclinic orbit formation.

The characteristic feature of a homoclinic bifurcation is that as this point is approached, the amplitude of the oscillation remains finite, but the period tends to infinity logarithmically. 

In a variation of this bifurcation, the limit cycle merges with the inset and outset of a saddle point as the latter merges with a node - to give a ‘saddle-node infinite period’ or SNIPER bifurcation. This can be distinguished from a regular saddle-homoclinicity as the period now lengthens as the inverse square root of the distance from the bifurcation point.
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