Stability and Oscillatory Instability

Model
The Sal’nikov model is a simple system combining thermal feedback with chemical kinetics. It can be used to illustrate generic aspects of ‘thermokinetic instabilities’ in combustion - and also has significant relevance to a genuine hazard in chemical reactor operation.

The model imagines a precursor reactant P, an intermediate species A and a final product B. The chemistry is simply two consecutive first-order steps:

(0)


P  (  A

rate = k0p
(1)


A  (  B

rate = k1(T)a;  q1 > 0

Step (0) is taken to be thermoneutral and to have a rate independent of temperature (zero activation energy). Step (1) is taken to be exothermic, with an exothermicity q1 (= ((H1), and to have a rate coefficient governed by the normal Arrhenius form

(2)





where E1 is the activation energy.

Governing equations
The governing reaction rate and heat balance equation can be written as:

(3.1)





(3.2)





(3.3)





Here p and a are the concentrations of the species P and A, V is the reactor volume, ( is the density and c the total specific heat capacity of the mixture, S is the reactor surface area, ( is surface heat transfer coefficient and Ta is the surrounding (ambient) temperature. Heat loss is modelled as simple Newtonian heat transfer. The product V(c is assumed to be constant during the reaction.

Table 1. Representative values for physico-chemical quantities for Sal’nikov model (based in part on decomposition of di-tertiarybutyl peroxide at reduced pressure in a glass vessel).

	Volume, V, 1.0 dm3
Surface area, S, 5 dm2
Ambient temperature, Ta, 400 K

Activation energy, E, 166 kJ mol(1
Heat capacity per unit volume, (c, 150 J K(1 mol(1
Surface heat transfer coefficient, (, 30 W m(2 K(1
Exothermicity, q1, 400 kJ mol(1
Initial reactant concentration, p0, 3 ( 10(3 mol dm(
Rate coefficients: k0 = 0.1 s(1; k1(Ta) = 0.5 s(1


Quasi-steady state evolution.

The behaviour expected of a system described by equations (3.1-3) can be determined in the following manner:

The precursor reactant undergoes a first-order decay, with

(4.1)





The intermediate species concentration a and the temperature excess (T = T ( Ta can be estimated through a steady-state analysis:

(4.2)




,



Through the time dependence of the reactant concentration, these are quasi-steady states. The temperature excess (T is predicted to fall exponentially, following p(t); the intermediate concentration is predicted to show an initial increase, attainment of a maximum and then a decrease in time through the competing variations in p(t) and the temperature-dependent rate coefficient k1(T). The predicted variations (4.1-2) of reactant, intermediate and temperature in time are sketched below:
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Actual evolution
The actual evolution of the system computed for the operating conditions listed in table 1 is somewhat different:
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The evolution up to t ( 12 s follows the predicted quasi-steady state locus, but then the concentration and temperature excess depart from this simple response and show a series of oscillatory excursions - approximately six full oscillations in this case. Following this oscillatory phase, the system returns to the quasi-steady state response after t = ca. 22 s, and both the intermediate species concentration and the temperature excess fall to zero as the system approaches the chemical equilibrium state (complete conversion of P to B in this case).

Local Stability Analysis
To understand why the actual behaviour departs from the predicted quasi-steady state solution, we need to consider a property known as the local stability.

This relates to how a system evolving as any particular solution of the governing equations response to a small disturbance or perturbation. If the system responds such that the perturbation decays and the behaviour returns back to the previous evolution (perhaps with some modification of the phase), then that solution is termed stable. If, however, the perturbation grows in time, so the system evolves away from its previous behaviour, then that state is termed unstable. In the behaviour observed above, we see evidence that the quasi-steady state evolution is initially stable, becomes unstable during the period between ca. 12 and 22 s, with stability returning at the end of this period.

The local stability of a steady state can be determined through a relatively simple mathematical analysis.

To perform this analysis for the present model, it is convenient first to write the governing equations in dimensionless terms and then to introduce an approximation known as the pool chemical approximation.

Dimensionless groups
Concentration: Dimensionless concentrations ( and ( can be found by scaling the actual concentrations of these species with some reference concentration cref. One choice might be cref = p0, the initial concentration of the reactant. In that case, ( would vary between 1 (at the beginning of the reaction) and 0 (at the end). On this scaling, however, the intermediate species concentration ( would typically have very small values throughout the reaction. As we are mainly interested in the evolution of the intermediate species, a different reference concentration will be used. Specifically, we will use:

(5)


, 


with



The interpretation of cref is not immediately transparent, although it can be seen that it involves a measure of the reaction exothermicity and, less obviously, a ratio of a chemical time (1/k(Ta)) and a cooling time (see below).

Temperature excess: The scaling for the temperature excess is borrowed from thermal explosion theory:

(6)





With this form, the temperature dependence of the rate coefficient k1(T) can be written in terms of the product of the value of this quantity at the ambient temperature and a function f(() of the dimensionless temperature excess

(7)




 with 


where ( = RTa/E.

Time: Time can be scaled in terms of the Newtonian cooling time tN : 

(8)




 with 


Dimensionless equations
In these terms, the reaction rate and heat balance equations become:

(9.1)





(9.2)





(9.3)





where the dimensionless rate constant have appeared:

(10)




, 


There is an implication that the intermediate A is, in some sense, a ‘reactive intermediate’, and hence its concentration will never become very high. In this sense, we expect the precursor to have a ‘high’ concentration. Also, the decay of the precursor to form A is expected to be a ‘slow’ process. 

In term of the dimensionless groups, this suggests we will find ( >> 1 (at least initially) and ( << 1. Notice, that these two groups appear as a product on the right-hand sides of equation (9). This argument suggests it is sensible to introduce a new quantity, ( defined as

(11)





which is a different scaling of the reactant concentration.

Equation (9.1) then becomes

(12)





which gives

(13)





where (0 is the initial reactant concentration in this scaling.

The occurrence of the small parameter ( in the exponent here indicates the ‘slow’ decay of the precursor concentration on the time scale over which the intermediate species concentration and the temperature excess evolve.

Pool chemical approximation
The governing equations for the intermediate species concentration ( and the temperature excess ( can now be written as

(14.1)





(14.2)





In theory, we could substitute for ( from equation (13), but it will be convenient here to imagine that (, which represents the (slowly varying) instantaneous reactant concentration can be treated as a constant or parameter on the time scale of the evolution of ( and (. This is known as the pool chemical approximation.

Exponential approximation
A further approximation is to replace the full Arrhenius function f(() with the simpler exponential approximation f(() ( e(. The governing equations we shall use for the local stability analysis thus become:

	(15.1)





(15.2)







The values of the dimensionless groups and some associated quantities for the physico-chemical data in Table 1 are listed below in Table 2.

Table 2: Representative values of dimensionless groups - cf Table 1

	( = 0.01; ( = 0.05; (0 = 0.5; ( = 0.02

Newtonian cooling time, tN = 0.1 s

reference concentration, cref = 6 ( 10(5 mol dm(3.

reference temperature excess, RTa2 /E = 8.0 K


Local Stability Analysis: General

In the general case, we have a dynamical system governing the evolution of two variables x and y according to a set of rate equations

(16.1)


dx/dt  =  f(x,y)

(16.2)


dy/dt  =  g(x,y)

where f and g are functions of x and y.

A steady state of this system will be a combination of the variables for which the functions f and g are simultaneously equal to zero

(17.1)


f(xss,yss)  =  0

(17.2)


g(xss,yss)  =  0

The local stability of this steady state is determined by the evolution of an perturbation ((x,(y) of the system. The perturbed system has x and y given by

(18.1)


x  =  xss + (x
(18.2)


y  =  yss + (y
As xss and yss are independent of time, then

(19.1)





(19.2)





The key feature now is to assume that the perturbations are infinitessimally small (hence the phrase ‘local’ stability), so that the rate functions f and g can be expanded in a Taylor series about the steady state:

(20.1)





(20.2)





Here fx denotes ((f/(x) etc. and these partial derivatives are to be evaluated using the steady-state values xss and yss. The higher order terms (h.o.t.) involve terms of at least second order in the perturbations.

Noting from equation (17) that f(xss,yss) = g (xss,yss) = 0, the leading order equations for the perturbations become

	(21.1)





(21.2)







This forms a coupled pair of linear ordinary differential equations. The solution, which gives the time-dependent evolution of the perturbations, has the form

(22.1)





(22.2)





The coefficients ci depend on the initial perturbation, but the qualitative form of the evolution is determined by the exponents (1,2. These are given by the roots of the characteristic equation:

(23)





where Tr(J) and Det(J) are the trace and determinant of the Jacobian matrix
(24)





evaluated with the steady state values.

Character and stability of steady state
There are five different qualitative forms for the roots of equation (23):

(a) Det(J) > 0, Tr(J) < 0, Tr(J)2 (4Det(J) > 0

The roots (1,2 are real and have negative real parts. Both exponential terms in equation (22) will decrease monotonically in time. The perturbations decay exponentially to zero and the system returns to the steady state. This situation is characteristic of a stable node.

(b) Det(J) > 0, Tr(J) < 0, Tr(J)2 (4Det(J) < 0

The roots (1,2 form a complex conjugate pair and have negative real parts. The exponential terms in equation (22) can be represented as the product of an exponential term and a cosine function. The perturbations show a damped oscillatory decay to zero and the system returns to the steady state in a damped oscillatory manner. This situation is characteristic of a stable focus.

(c) Det(J) > 0, Tr(J) > 0, Tr(J)2 (4Det(J) < 0

The roots (1,2 form a complex conjugate pair and now have positive real parts. The perturbations now show an oscillatory growth in time and the system departs from the steady state in such a manner. This situation is characteristic of an unstable focus.

(d) Det(J) > 0, Tr(J) > 0, Tr(J)2 (4Det(J) > 0

The roots (1,2 are real and have positive real parts. Both exponential terms in equation (22) will increase monotonically in time. The perturbations grow exponentially and the system departs from the steady state. This situation is characteristic of an unstable node.

(e) Det(J) < 0

The roots (1,2 are real and have opposite sign. The term associated with the negative root will decay exponentially, but that associated with the positive root will grow. Although the magnitude of the perturbation may decrease initially, the growing exponential term will eventually cause the perturbation to increase and the system to depart from the steady state. This is characteristic of a saddle point.

Table 3 summarises these possibilities.

Table 3. Characteristics for a steady state for a 2-variable model in terms of sign of the determinant, trace and discriminant ( = Tr(J)2 ( 4Det(J).

	Det(J)
	Tr(J)
	(
	stability
	character
	eigenvalues
	phase portrait

	+ve
	(ve
	+ve
	stable
	node
	real

both negative

0 > (1 > (2
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	+ve
	(ve
	(ve
	stable
	focus
	complex conjugate pair

negative real parts

0 > Re(1 =Re(2
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	+ve
	+ve
	(ve
	unstable
	focus
	complex conjugate pair

positive real parts

Re(1 =Re(2 > 0
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	+ve
	+ve
	+ve
	unstable
	node
	real

both positive

(1 > (2 > 0
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	(ve
	-
	-
	unstable
	saddle
	real

opposite sign

(1 > 0 > (2
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For multi-varaible systems, the final four columns hold provided all remaining eigenvalues (or their real parts) are negative with larger magnitude than the principal eigenvalues above.

Onset of Instability: Bifurcation points
Perhaps the most important feature of the different local stabilities are the conditions that correspond to a change from a stable to an unstable state.

These are known as bifurcation points.

There are two possible cases:

If Det(J) > 0 and the trace, Tr(J), passes through zero, the steady state becomes unstable as the real part of a complex pair of eigenvalues passes through zero. This is known as a Hopf bifurcation. We will see later that this is associated with an oscillatory instability.

If the determinant, Det(J), passes through zero, a real eigenvalue passes through zero, and a nodal state changes into a saddle point. This is known as a saddle-node bifurcation. We will see later that this is associated with ignition or extinction type instabilities.

General conditions for bifurcation
For dynamical systems with an arbitrary number n of variables, the governing equations can be written in vector notation:

(25)





where (x is a vector of perturbations.

The evolution of the perturbation is again determined by a sum of exponential terms with exponents corresponding to the eigenvalues of the n(n Jacobian matrix.

In general, the long term behaviour is determined by the principal eigenvalue or eigenvalue pair - that with the smallest magnitude (least negative) real part. 

The general condition for a Hopf bifurcation is that the real part of a complex principal eigenvalue pair passes through zero. (This only corresponds to Tr(J) = 0 for a 2(2 matrix.)

The general condition for a saddle-node bifurcation is that a real principal eigenvalue passes through zero. (This always corresponds to Det(J) = 0.)

Representations of singularities on the phase plane
The origin of the terminology ‘node’, ‘focus’ and ‘saddle’ can be seen if we plot the behaviour of the system in an appropriate way. Rather than plotting the two variables as a function of tie, we can plot one against the other. This representation is known as the phase plane and represents the projection of the x-y-t trajectory onto the x-y plane.

· The evolution of the variables in time gives rise to a motion across the phase plane and the corresponding path is known as a trajectory. 

· The slope of the trajectory, dy/dx, at any point can be determined as dy/dx = (dy/dt)/(dx/dt). 

· As the slope is uniquely defined by this relationship, trajectories cannot cross on the phase plane (except at so-called singular points).

· The steady state corresponds to a point on the phase plane.

· The steady state is a singular point as dy/dx = 0/0 at such a point.

· Multiple trajectories can approach the steady state point.

The structure of the phase plane surrounding steady states of differing stability and character is illustrated in the following figure.
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· For (a) a stable node, the trajectories approach the steady state singular point directly. 

· For (b) a stable focus, the trajectories spiral into the singular point. 

· For (c) an unstable focus, the trajectories spiral away from the singular point. 

· For (d) an unstable node, the trajectories diverge from the singular point directly.

· For (e) a saddle point, one special trajectory, comprising a pair of insets, tend to the singular point, and one trajectory, comprising a pair of outsets emanate from the singularity. All other trajectories are bounded by these special curves and, in general, lead to a motion that move towards the saddle point initially, but ultimately diverge.

Local Stability Analysis: Application to Sal’nikov model

The method just described can be applied directly to the Sal’nikov model. The governing equation have the form:

(15.1)





(15.2)





The steady states are, then

(26)




, 


The Jacobian matrix, J, has the following form

(27)





The trace and determinant are then:

(28a)





(28b)





Clearly, Det(J) is always positive, so case (e) - the saddle point - is not relevant here.

The trace, however, contains both positive and negative terms and so there is the possibility of a Hopf bifurcation in this model.

The condition for a Hopf bifurcation, Tr(J) = 0, can be written parametrically in terms of the steady-state temperature excess (ss* (the superscript * denoting a critical Hopf value)

(29a)





(29b)





with (ss* ( 1.
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Behaviour between Hopf points
For a system with ( = 0.05 (see Table 2), we can also determine the Hopf points by solving equation (29a) for the corresponding (ss. There are two root for this equation for ( = 0.05:



(ss* = 1.160 
giving (* = 0.0580



(ss* = 4.140 
giving (* = 0.2070

Thus, we predict that the steady-state solution (26) will be unstable for values of the dimensionless precursor reactant concentration in the range:

(30)


0.0580 < ( < 0.2070

Within this range, the system will diverge from the steady-state response. In order to determine ‘where the system goes to’, we can numerically integrate equations (15) for representative values of ( in the above range. The results are shown below
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For each (, we observe that the system settles to a sustained oscillatory response (we are treating ( as a constant, neglecting the slow exponential decay), with an amplitude and period that varies with (. Close to each end of the range, the amplitude is small, although the period remains finite: within the range, the amplitude of the temperature and concentration excursions can be large compared to the steady-state values.

Also shown in the figure is the long-time trajectory in the (-( phase plane. This shows that the oscillatory response leads to motion around a closed loop or limit cycle that surrounds the (unstable) steady-state point. The limit cycle becomes small at each end of the range - merging with the steady-state point at the two Hopf bifurcation points, but grows in size towards the ‘centre’ of the region of steady-state instability.

We may combine the steady-state and oscillatory responses on a bifurcation diagram. This shows the variation of the steady-state solution (26) with ( - which gives a simple linear relationship in the case of (ss. 
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The locus is shown as a full line over the regions for which it is stable and as a broken line over the region of instability. Superimposed on this locus is an envelope showing the variation with ( of the maximum and minimum value of ( attained during the oscillatory response across the region of instability.

This diagram illustrates the nature of the change occurring at the Hopf points - as the steady-state becomes unstable, so a stable limit cycle is born surrounding the steady-state point in the phase plane. The amplitude of this oscillation grows smoothly from zero - and the oscillations exist only over the range for which the steady-state is unstable. These are termed supercritical Hopf bifurcations and are characterised by ‘soft excitation’ of oscillations and by the absence of hysteresis at the point of instability.

Pre-oscillatory induction time and oscillatory period
We can now predict the time-dependent evolution of the full system, allowing for the slow decay of the precursor reactant concentration.

The value of the parameter ( corresponding to the initial composition is  (see Table 1)




(0 = 0.5

The evolution of ( in time is given simply by

(13)





We predict that the (quasi)-steady state (26) will be stable until ( has fallen to the value (1* = 0.207. This will occur at a dimensionless time

(31)
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which gives (1* = 88.2. To convert this to time in seconds, we multiply by the Newtonian cooling time, giving t1* = 8.8 s. The computed time to onset of oscillations was ca. 12 s. A delay is expected between passing the upper Hopf point and the observation of finite size oscillations, so the quasi-steady state local stability analysis provides a useful under-estimate of the pre-oscillatory period.

The steady state is, similarly, expected to regain stability at a time (2* given by

(32)
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with (2* being the lower Hopf bifurcation point.

Using (2* = 0.058, we predict (2* = 215.4, so t2* = 21.5 s - again a very reasonable, and slight underestimate, of the end of the oscillatory response determined numerically.

Hard excitation: unstable limit cycles, hysteresis and subcritical Hopf bifurcations
The Sal’nikov model also illustrates a different type of behaviour that can be found at a Hopf bifurcation point.

With the exponential approximation (f = e(), the Hopf bifurcation points are always of the supercritical type: the oscillation is born with vanishingly small amplitude at the point for which the steady state becomes unstable, growing in size as we move further into the region of instability. If we could reverse the change in (, the oscillations would shrink back to zero amplitude at the same Hopf point - so there would be no hysteresis.

For the full Arrhenius temperature dependence, with non-zero but small (, the upper Hopf bifurcation point can change its character to that of a subcritical Hopf point. Now the limit cycle that is born off the steady state point is an unstable limit cycle, and instead of growing as ( decreases, so as to surround the unstable steady state, it grows as ( increases and surrounds the stable steady state. This situation is sketched in the bifurcation diagram below. For a finite (albeit narrow) range of ( above the upper Hopf point, we have a stable steady state surrounded by an unstable limit cycle. Also on the diagram is shown the stable limit cycle that has grown from lower Hopf point. This surrounds the unstable steady state across the region of instability and then surrounds both the stable steady and the unstable limit cycle for the region just above (1*. In this region, then, the system has both a stable steady state and a stable oscillatory (limit cycle) state coexisting (and separated by the unstable oscillatory state).
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If we now consider what will happen in a system in which the dimensionless precursor concentration ( is decaying slowly according to equation (13); we will follow the steady-state locus from some initial high value (0 and approach the upper Hopf point (2*. As the system drifts past this point, the steady state loses stability and the system moves to the stable oscillatory state. However, in this case, the stable limit cycle solution already has a large amplitude - so we jump immediately to large amplitude oscillations - hard excitation. Furthermore, if we could now increase ( again, the system would remain on the stable oscillatory branch until this branch merges with the unstable limit cycle born from the upper Hopf point. Thus we get a hysteresis effect. These experimental characteristics identify a subcritical Hopf bifurcation.

Experimental realisation of Sal’nikov system: implications for hazards
Experimental realisation of Sal’nikov-type instabilities have been produced through the use of ‘semi-batch’ reactor – i.e. batch reactors with a sustained inflow. 

In this situation, the inflow replaces the ‘chemical’ step P ( A. This naturally is essentially thermoneutral and has no temperature coefficient.

Furthermore, the ‘decay’ of the precursor can also be realised if the inflow is driven by an imposed (constant) external pressure – with the inflow then depending on the pressure difference between this and that in the reactor (which is increasing both due to inflow and possibly due to reaction).

Griffiths et al. (22nd  Symp. Int. Combust., 1988, 1597-1607) exploited the unimolecular decomposition of di-tertiarybutyl peroxide (DTBP) in the presence of O2. Example records for similar inflow conditions but for different ambient temperatures are shown below:
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As Ta is increased, so the steady reacting state gives way to a (transient) oscillatory combustion. The exothermicity of the reaction can be controlled, without affecting the kinetic parameters, by replacing the O2 by N2. As indicated below, for conditions which give oscillations under O2 (A), there is only a steady combustion under N2 (B).
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Similar phenomena occur in reactions with more extended kinetic mechanisms. The H2 + Cl2 reaction is important commercially and also is the basis for many introductory accounts of the steady-state approximation. The SSA leads to a prediction of an overall reaction rate that is first order in H2 and approximately half-order in Cl2, with an effective rate coefficient following an overall Arrhenius temperature dependence. This reaction also shows Sal’nikov-type instability in a semi-batch configuration (Coppersthwaite et al. 1991, J. Phys. Chem., 95,6961-67):
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As indicated in this diagram, a transition from ‘steady’ reaction to the oscillatory response can occur on increasing the vessel temperature. However, such a transition can also accompany a decrease in ambient temperature if we start above 630 K in the above example. This arise simply because of the Hopf bifurcation points arising in pairs – and we could similarly encounter the oscillatory region during either an increase or decrease in reactant concentration. These features are contrary to ‘normal expectation’ – we normally expect reactions to be ‘safer’ if we decrease the temperature or fuel concentration – but the above illustrates that this is not the case. The magnitude of the oscillations indicates that large temperature excursions can arise as we enter an oscillatory region – so this is a hazard that need to be assessed quantitatively through an understanding of the thermokinetic interactions.
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