CHEM3210: Chemical Kinetics of Complex Systems

Professor S.K. Scott
Lecture 3. Flow reactors: bistability, ignition and extinction.

3.1 The continuously-flow well-stirred tank reactor (CSTR)
The CSTR is one of the most widely used reactors in the chemical industry, allowing reaction to occur and products to be collected continuously. One UK plant alone produces approximately 100 k tonnes per annum of acetic acid from the reaction between CH3OH and CO (the Monsanto process) using such a reactor. In its simplest form, this reactor consists of a ‘tank’ into which there is a continuous inflow fed of reactants, perhaps through several separate inflow streams, and from which there is a matching outflow of the reacting mixture such that the total volume in the reactor remains constant. Schematically, this may be represented as follows:
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Schematic representation of a CSTR

Here the total volumetric inflow of fluid to the reactor is given by q, which will have units of m3 s(1, and this is also the volumetric outflow from the reactor. If the volume of the reactor is V m3, then the ratio V/q has units of time (s) and represents the mean residence time – i.e. the average time spent by a molecule in the reactor. The concentrations a and b of the reacting species A and B in the reactor are also the concentrations of these species in the outflow. Some care must be taken in the interpretation of the inflow concentrations a0 and b0 : these are, in general, not the concentrations of the chemicals in their separate inflow streams represent the concentration of the reactants that would be established in the reactor under identical flow conditions, but in the absence of reaction. This convention allows for the dilution of the concentrations that occurs as the two (or more) mix on entry to the reactor.

3.2 Mass balance equations for simple and autocatalytic reactions

If we have a single reactant species A undergoing a first order reaction 




A  (  B

rate = ka
then the mass balance equation giving the rate of change of the amount nA (number of moles) of A in the reactor has the following form
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Here, the first term on the right-hand side give amount of A flowing into the reactor per unit time, the second term gives the rate of outflow and the final term give the rate of disappearance of A through reaction. If we are dealing with a constant volume reactor (as we generally are we can divide through by V and noting that a = nA/V in the derivative, we obtain
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(3.1)

where tres = V/q is the mean residence time mentioned previously. The first term on the right-hand side now represents a net inflow rate involving the difference between the inflow and outflow concentrations.

If we imagine an autocatalytic reaction of the form



A  +  2B   (   3B

rate = kab2
with separate inflows of A and B to the reactor (to prevent reaction occurring in the fed supply), then we have a pair of mass balance equations:
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(3.2a)
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(3.2b)
Again, the terms on the right-hand side represent the net inflow rate and the chemical reaction rate respectively.

Although there appear to be two equations here, reflecting the fact we have two different chemical species, we can notice that if we add these two equations, the reaction rate terms exactly cancel. This tells us that there is a conservation of mass condition which we can exploit. In the present case, this condition is that the sum of the concentrations of A and B in the reactor must always be equal to the sum of the inflow concentrations:
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(3.3)

so we can study this system using just one mass balance equation, say
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(3.4)

(Strictly speaking, the conservation of mass condition only holds all the time if the initial conditions also satisfy this equation: if the initial concentrations do not satisfy equation (3.3), the mass conservation condition will be approached in time after some initial transient behaviour during which the initial conditions are lost due to the outflow.)
3.3 Steady-states and their variation with operating conditions
To predict how the concentration of species A varies in the reactor, we would need to choose the operating conditions in terms of the values of the inflow concentration a0 and the mean residence time tres and then specify some initial value of the concentration ainitial in the reactor. 

For the simple first order reaction, equation (3.1) could be integrated to give the appropriate form for the time-dependence of a.

Although this integration is not to complicated in this simple example, there is another route to predicting the long-time behaviour of the reactor. 

We can presume that the inflow, outflow and reaction rate terms will reach some point of balance - or, more precisely, the concentrations of the species in the reactor will adjust so that these terms come into balance so that then da/dt becomes equal to zero. This situation is known as a steady state and finding the steady-state solutions of the mass-balance equations is perhaps the most important task when dealing with flow reactors.

Setting da/dt = 0 in equation (3.1), the mathematical condition for a steady state is












(3.5)

where the subscript notation ss has been used to denote the steady state. Re-arranging equation (3.5) we find for the steady-state concentration of the reactant:





 or 





(3.6)

where the second form gives the steady-state extent of reaction (a0 ( ass). The variation of the latter with the residence time tres is sketched in figure 3.2 below.
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Figure 3.2: variation of steady-state extent of reaction with residence time

for first order reaction in a CSTR

At short residence time, the extent of reaction is very low: these operating conditions correspond to high flow rates with molecules spending little time in the reactor and, hence, having little time to react. The extent of reaction is given approximately by ktresa0 and so increases proportionately as the flow rate increases: for this reason, the reaction is known as ‘flow controlled’ under these conditions.

At long residence times, the extent of reaction approaches the value a0 corresponding to complete reaction for this irreversible step. If we had taken the reverse reaction into account, the steady state would approach the chemical equilibrium state. This region of the response curve is said to be under ‘thermodynamic control’.

It is important to note, however, that for general flow rates or residence times, the steady state established in the reactor occurs when there is a balance between the net inflow and the chemical reaction rate. The condition that da/dt = 0 in a flow reactor is inherently different from the condition for chemical equilibrium in a batch system, so the steady state is not the equilibrium state, although it must approach the latter as the residence time tends to infinity.

3.4 Steady states for feedback reactions: ignition, extinction and bistability
We can also determine the steady states for the autocatalytic reaction system described by equation (3.4). Setting the two terms on the right-hand side equal to each other we have










(3.7)

Again, we will be interested in how this solution varies with the residence time tres. We also will need to consider how this dependence is affected by the inflow concentration b0 of the autocatalytic species B.

We may ‘guess’ at the form of the steady-state locus in this case. Remembering that this reaction shows a significant induction period in a batch reactor, during which there is little reactant consumption, we might imagine that for short residence times (‘short’ compared with the induction period for the clock reactions for the same initial concentrations), the extent of reaction will be low; the for ‘long’ residence times, the extent of reaction will be effectively complete and, that there will be a sharp increase in the extent of reaction for residence times ‘close to’ the induction time. Thus, we might expect a steady-state locus of the following form:
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Figure 3.3: possible dependence of steady-state extent of reaction

on residence time for autocatalytic reaction in a CSTR

In reality, we do find loci of this shape, but only if the inflow concentration of the autocatalyst is not too small (see below for a more quantitative expression of this condition). For systems with a ‘low’ inflow concentration of autocatalyst, however, we find a significantly different picture.

Equation (3.7) is, in general, a cubic equation for ass (or for the extent of reaction a0 ( ass). The cubic nature suggests that there may be up to three different steady-state solutions for the same residence time - i.e. we can get three different responses for the same operating conditions. This is quite different from the previous case in which there was a single steady-state extent of reaction for any given set of operating conditions. A typical form for the steady-state locus is shown below:
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Figure 3.4: the steady-state locus for an autocatalytic reaction

in a CSTR

Such a steady-state locus can be computed for given values of a0, b0 and k from equation (3.7) by re-arranging it so it becomes an equation for the residence time in terms of the extent of reaction:











(3.10)

and then calculating tres for a range of values for ass lying between 0 and a0. (A spreadsheet will do this very rapidly.)

The consequences of a ‘folded’ steady-state locus such as that shown in figure 3.4 can be understood by following the response of the system as the residence time is varied, start from some low value (corresponding to a high flow rate) such as point A in the diagram. At this short residence time, there is only one steady state and so the system will evolve to this point. If we now increase tres we can move along the ‘flow branch’ of the steady-state curve to point B. For these conditions, two new branches of the steady-state locus appear from the turning point or ‘knee’ at point H corresponding to higher extent of reaction. There is, however, no need for the system to move away from the lower steady state branch, and so we stay at point B. If we increase the residence time a bit more, we might move to point C, which also lies on the flow branch. Throughout these changes in tres, the steady-state extent of reaction has increased smoothly as we have varied the operating conditions. If we increase the residence time up to, and then slightly beyond, point D on the diagram we find something different occurring. Once we pass point D, the lower branch of the steady-state locus disappears, merging with the middle branch at another turning point or ‘knee’. Now, the system must adjust to the only remaining steady state - that lying on the uppermost or thermodynamic branch at E. Thus we find an abrupt or discontinuous change in the steady state as we change the operating conditions at this point. Because the extent of reaction increases at this point, and by analogy to a similar feature in combustion, this is usually known as a point of ignition.

If we continue to increase the residence time, we move along the thermodynamic branch towards point F, with a slowly and smoothly increasing steady-state extent of reaction – approaching the equilibrium state as tres ( ( as mentioned previously.

More interestingly, we may consider what happens if we now decrease the residence time again. As tres decreases, so the system moves back along the thermodynamic branch to point E, and then remains on that branch as the residence time becomes shorter. At point G, we have the same residence time as those that gave rise to point C on the upwards sweep – so steady states with both low and high extents of reaction can be found for these operating conditions. If tres is decreased to point H, the thermodynamic branch disappears by merging with the middle branch, and the system must make a transition to the flow branch at point B. This abrupt drop in the extent of reaction is generally known as extinction or washout. Because the ignition and extinction transitions occur at different residence times, we say there is hysteresis in the behaviour of the reactor. The range of residence times between text and tign is a range of bistability as the reactor has two possible steady states for any conditions within this range.

One final point, we may note that during the above cycling of tres, the system did not access the middle branch of steady states. This branch plays the role of separating the thermodynamic and flow branches as is termed a branch of saddle points. Like the transition state in chemical kinetics, it represents an unstable state between the two stable branches.

Many reactions exhibiting clock behaviour in batch reactors show ignition and extinction in flow systems. The determination of ignition and extinction points is a classic problem in chemical reactor engineering and of great relevance to the safe and efficient operation of flow reactors in the modern chemical industry. More complex steady-state loci, with isolated branches or multiple fold points leading to three accessible competing states have been observed in systems ranging from autocatalytic solution-phase reactions, smouldering combustion and in catalytic reactors. Bistability has been predicted from certain models of atmospheric chemistry.

3.5 Unfolding of bistability: ignition and extinction limits
Figures 3.3 and 3.4 represent two qualitatively different forms for the steady-state locus possible for the model autocatalytic reaction in a CSTR. A change from one to the other occurs as we vary the inflow concentration of the autocatalytic species. Figure 3.5(a) sketches the chance in the steady-state locus as b0 is increases for a constant a0. We can observe that the ignition and extinction points, and hence the region of bistability, change as we vary this experimental parameter. There is an ‘unfolding’ of the hysteresis loop, which becomes complete when the ignition and extinction points merge. By plotting the variation of these two points with b0, we obtain an ‘ignition (and extinction) limit diagram’ such as that sketched in figure 3.5(b). The two limits meet at a cusp corresponding to the unfolded curve. For b0 > a0/8, there is no bistability in this system.
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Figure 3.5: (a) unfolding of hysteresis loop as b0 increases; (b) variation of

ignition and extinction limits with b0, showing region of bistability.
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