CHEM3210: Chemical Kinetics of Complex Systems

Professor S.K. Scott (
Lecture 5: Waves and Patterns
5.1 Waves in Excitable Systems
The BZ and other batch oscillatory systems are capable of supporting an important class of reaction-diffusion structures. As discussed in lecture 2, clock reactions support one-off travelling wave fronts or flame, converting reactants to products. In an oscillatory system, the ‘resetting’ process can be expected to produce a ‘wave back’ following the front, giving rise to a propagating wave pulse. Furthermore, as the system is then returned more or less to its initial state, further wave initiation may be possible. A series of wave pulse travelling one after the other forms a wave train. If the solution in spread as a thin film, e.g. in petri dish, and initiation is from a point source, the natural geometry will be for a series of concentric, circular wave pulses – a target. 

To study such reaction-diffusion structures in the absence of bulk oscillations, the BZ mixture is typically prepared in an excitable, reduced steady state (see lecture 4).

An example of the evolution of targets in an excitable BZ system is shown in the sequence on the next page.

Various features are illustrated in this figure.

The waves forming a given target originate spontaneously from a pacemaker site. Such sites frequently correspond to local heterogeneities in the solution - the location of a dust particle or a scratch on the surface of the dish. (One theory is that such heterogeneities change to local pH such that the excitable mixture becomes spontaneously oscillatory at that site - each oscillation then initiating a wave.) If such heterogeneities can be eliminated (e.g. by very careful filtering and use of specially constructed scratch-free dishes), no spontaneous initiation is observed: targets can then be created by external initiation, e.g. by a silver wire which locally reduces the inhibitor bromide ion concentration.

In the first picture, two pacemakers sites can be seen towards the top of the dish and one near the edge in the bottom right of the dish. In frame 2, sometime later, several new waves have been initiated from the existing pacemaker sites, and two new pacemakers can be seen to have developed (bottom left and at approximately the 3 o’clock position - there may also have been other pacemaker activity which has led to the non-circular nature of the leading wave front from the pacemaker at the bottom right.

In frame 3, the target waves almost completely fill the dish. The two small pacemaker sites apparent in frame 2 have disappeared, having been overtaken by the waves from the higher frequency pacemakers near the top of the dish. In frame 4, the waves from the targets at the top of the dish are approaching the pacemaker at the bottom of the dish.

In frame 5, the waves emanating from the highest frequency pacemaker have virtually overtaken the other two sites and entrained the whole dish to its frequency.
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As mentioned in the previous paragraph, different pacemaker sites, corresponding to different heterogeneities, have different natural oscillatory frequencies, so waves are initiated at different periods from each site. This leads to a variation from target to target in the wavelength (the spacing between successive wave fronts) and in the velocity of the fronts. For any given target, the three quantities are related by the simple condition

(5.1)


velocity ( period = wavelength

or


velocity = frequency ( wavelength

There is also a relationship between the velocity and the oscillatory period or the wavelength: this is known as the dispersion relationship (by analogy with water waves). 

The greater the separation between fronts in a given target, the longer the solution has to recover from the passage of one wave before the next front arrives. During this period, the concentration of the inhibitor is decreasing through Process A, so widely spaced waves are propagating into solutions of lower [Br(] than closely-spaced high waves. The speed is determined by the inhibitor concentration - and increases as the latter decreases. Thus the wave speed increases as the period between pacemaker initiations increases (or, equivalently, as the pacemaker frequency decreases). A typical dispersion relationship has the form sketched below:
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If the pacemaker oscillatory period is too short (< (min) no waves propagate at all as each front is trying to propagate into the refractory period. For higher oscillatory periods (lower frequencies), waves can propagate, but have low velocity as the inhibitor concentration ahead is high. As the period increases (frequency decreases) further, so the wave speed increases, tending to a limit at very long periods. This limit corresponds to the speed c0 of a solitary wave propagating into a solution that corresponds to (or has completely recovered to) the resting steady state composition. Generally, the very first wave for a given target propagates with the solitary wave speed: all subsequent waves propagate with speeds lower than this (and all have approximately the same speed for a given target).

When wave fronts from different targets meet, they annihilate. Chemical waves cannot pass through each other or ‘bounce off’ each other in excitable systems, as the solution immediately behind a wave is refractory and will not support wave propagation until it has recovered.

When two waves meet, they typically create cusp-shaped regions, such as that at approximately 7 o’clock position in frame 3. The velocity of a cusp-shaped wave is significantly higher than that of a plane wave front. On the other hand, the velocity of a circularly curved wave front is lower than that of a planar wave in the same system. The dependence of the speed of a wave on the curvature of the front is given by the eikonal equation, which has the form

(5.2)




Here c is the normal velocity of the curved wavefront, c( is the speed of the corresponding planar wave front, D is the diffusion coefficient of the autocatalytic (feedback) species and r is the radius of curvature of the wave segment.

For a circular front, the radius of curvature is positive and is simply equal to the radius of the circle. Because of this, the wave speed is reduced from the planar wave speed. Furthermore, the smaller the circle, the greater the reduction in the velocity. In fact, if equation (5.2) holds for very low curvature, there will be a critical radius rcr such that c = 0 for r = rcr and a wave with this curvature would not propagate. This then predicts a minimum size for a pacemaker site, as waves will fail to propagate unless r > rcr.

Cusp-shaped regions are curved towards their direction of propagation and so have negative curvature: the eikonal equation indicates that the wave speed will exceed the planar wave speed in these cases. A planar wave front has an infinite radius of curvature.

The effect of the eikonal relationship is that wavefronts evolve towards circular shape.

5.2 Spiral waves
If a wave propagating in an excitable medium becomes broken - perhaps by mechanical perturbation or by encountering a region of low excitability - then two “ends” are created. The subsequent evolution of the system leads to the creation of a pair or counter-rotating spirals. An example showing two spiral pairs is shown below.
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There are some differences between spirals and targets that have important implications. First, the location of the spiral core does not correspond to, or depend upon the existence, any heterogeneity in the system. Once a wave break has been created, the spiral becomes self-sustaining, shedding a new front on each ‘rotation’. Spirals are often termed re-entrant structures because of this property. In contrast, targets require a repetitive stimulus to produce new waves: if the heterogeneity at a pacemaker site is removed, no new waves will be initiated. 

Secondly, the velocity and wavelength of the spiral depend on the properties of the solution as a whole - so all spirals in the same solution have the same wavelength etc.

Spirals have been observed in several physical and biological systems which all share the property of excitability. Of particular interest is the occurrence of spiral waves of cardiac muscle contraction in heart tissue, which appears to be related to the onset of atrial fibrillation and cardiac arrest.

5.3 Patterns
Waves are propagating reaction-diffusion structures that depend on the existence of an excitable medium and a suitable one-off or sustained initiation source. Remove the source and the spatial structure disappears as the waves reach the edge of the spatial domain. 

In contrast, patterns arise when an initially uniform mixture of reactants develops a spatial concentration distribution spontaneously and co-operatively across the whole reaction domain. The idea that chemical reactions which exhibit feedback kinetics might be able to couple those kinetics with diffusion so as to prefer a spatial distribution to uniform concentrations, is due to the British mathematician Alan Turing (more famous as the ‘father of the modern computer and the breaker of the German Enigma code during World War II) in 1952. Turing proposed a theoretical model for the development of spatial form (morphogenesis) on the basis of diffusion-driven instability.

The basic requirements for a Turing pattern are:

· the reaction must involve nonlinear feedback with a ‘feedback species’;

· the feedback species must have a lower diffusivity than the other reacting species;

· additionally, for spatial patterns to be indefinitely sustained, it is necessary to provide a supply of fresh reagents and an outflow of products - i.e. we need an open system.

In 1952, none of these requirements could be met. The first condition is, however, satisfied by any reaction that shows oscillatory behaviour in a well-stirred batch reactor - so the BZ reaction became a candidate in the search for Turing patterns. However, the feedback species in the BZ reaction is the neutral species HBrO2 and no successful method for reducing the diffusion coefficient for this species selectively has been developed.

A different batch oscillator - the chlorite-iodide-malonic acid (CIMA) reaction, or the related chlorine dioxide-iodine-malonic acid (CDIMA) reaction have, however, proven to be exploitable in this context. The feedback species here is iodide ion I(, while iodine I2 plays the role of a reactant species. In regions where I( is high, the equilibrium



I(  +  I2   [image: image4.wmf]   I3(
is established. The species I3( forms an intense blue-coloured complex with starch, so the latter is a natural indicator for this reaction system.

In order to allow a continuous flow to the reaction domain, but in a manner that does not disrupt the delicate reaction-diffusion patterns, reaction is carried out in a gelled medium (producing a continuous flow unstirred reactor or CFUR). Dilute, cross-linked gels allow the ions to diffuse almost as freely as in aqueous solutions. The large starch molecules, however, become immobilised by being trapped in the cross-linked structure. The I3( is immobilised whenever it complexes to the starch, thus effectively reducing the diffusivity of the feedback species I(  through a ‘chromatographic effect’.

The first laboratory examples of such Turing structures were obtained in Bordeaux and in Texas - examples are shown below.
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Turing Patterns from Bordeaux – Castets et al. 1990, Phys. Rev. Lett., 64, 2953
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Turing Patterns from Texas: Ouyang & Swinney 1991, Chaos, 1, 411.

A very-closely related phenomenon is the thermodiffusive instability in combustion which leads to the formation of cellular flames in systems for which the thermal diffusivity is lower than the mass diffusivity. These were first observed by Smithells in Leeds in 1892 ! An example is shown below.
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